Multiparticle entanglement is of great significance for quantum metrology and quantum information processing. We here present an efficient scheme to generate stable multiparticle entanglement in a solid state setup, where an array of silicon-vacancy centers are embedded in a quasi-onedimensional acoustic diamond waveguide. In this scheme, the continuum of phonon modes induces a controllable dissipative coupling among the SiV centers. We show that, by an appropriate choice of the distance between the SiV centers, the dipole-dipole interactions can be switched off due to destructive interferences, thus realizing a Dicke superradiance model. This gives rise to an entangled steady state of SiV centers with high fidelities. The protocol provides a feasible setup for the generation of multiparticle entanglement in a solid state system.
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I. INTRODUCTION
Multiparticle entanglement has attracted great attention for its diverse applications in quantum metrology and quantum computing [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . Efforts along this direction have lead to a plenty of proposals for generating entangled states with particles as many as possible [11] [12] [13] , such as spin squeezing states [14] [15] [16] and GHZ states [17] [18] [19] [20] . So far, multiparticle entanglement has been realized involving up to 20 qubits in trapped-ion systems [21] , and 12 qubits in superconducting circuits [22] . A dominating challenge to generate high-quality entangled states in the experiment comes from environment noises [23] . The particles inevitably interact with the environment, thus inducing the decoherence effect [24] . As a result, these entangled states are extremely fragile and easily destroyed. A feasible approach to solve this problem is using dissipation as a resource. Coupling to the environment drives the system to a steady state. By taking advantage of the dissipation, one can engineer a large variety of strongly correlated states in steady state [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] .
Color centers in diamond, such as germanium-vacancy (GeV) [37] , nitrogen-vacancy (NV) center [38] [39] [40] [41] [42] and silicon-vacancy (SiV) center [43] [44] [45] [46] , play an important role in quantum science and technology [47] [48] [49] [50] [51] . Due to the high controllability and long coherence time [52] [53] [54] [55] [56] [57] [58] [59] [60] , NV centers stand out among all kinds of solid-state systems. However, despite the impressive achievement with these solid-state systems, it is still challenging to realize quantum information processing with a large number of spins, due to the inherent weak coupling of NV spins to phonon modes and the difficulty in scaling to many spins. Recently, much attention has in particular been paid to the study of SiV centers [61] [62] [63] . The negatively charged SiV centers present strong zero-phonon line emission and narrow inhomogeneous broadening, which result from its * lipengbo@mail.xjtu.edu.cn inversion symmetry [64] [65] [66] . These characters make SiV centers become an excellent candidate as quantum units, due to their favorable optical properties and flexible manipulation on the energy-level structures [67] [68] [69] . Moreover, it has been discussed that SiV centers can realize strong and tunable coupling to phonons at the single quantum level [70] [71] [72] [73] [74] .
In this paper, we propose an efficient scheme to generate steady state entanglement of solid-state qubits with an array of SiV centers placed in a one dimensional (1D) phononic diamond waveguide. A crucial advantage for utilizing the phononic waveguide is that SiV centers can be positioned at determined positions to modulate the phase difference [75, 76] . In addition, the electronic ground states of SiV centers feature orbital degrees of freedom, which permits a direct and strong strain coupling to the phonon modes. Tailoring the system dissipation via the auxiliary external driven fields, the separated SiV centers are collectively coupled to the propagating phonon modes. Thus, we can engineer these SiV spins to a steady entangled state. By suitably choosing the distances of SiV centers, the dipole-dipole interactions will vanish due to destructive interferences [77] [78] [79] , and we can achieve a dissipative Dicke supperradiant [80] model in this setup [81, 82] . This scheme provides a promising avenue for the generation of many-body entanglement at the steady state in solid-state setups.
II. MODEL
As depicted in Fig. 1(a) , an array of N SiV centers are coupled to the phonon modes in a 1D diamond waveguide. The lattice distortion of longitudinal compression modes affects the electronic structure of the defect, which gives rise to a strain coupling between the phonons and the orbital degrees of freedom of the SiV centers [70, 73] . The Hamiltonian for the whole system is given bŷ The first termĤ SiV is the Hamiltonian of the N SiV centers. The second termĤ ph corresponds to the quantized Hamiltonian of the phononic waveguide modes. The last termĤ strain describes the strain coupling between the SiV centers and the phonon modes.
The SiV center in diamond is formed by a silicon atom and a split vacancy replacing two neighboring carbon atoms [see Fig. 1 (a)] [65] . The Hamiltonian of a single SiV center includes three interaction parts: the spinorbit couplingĤ SO , the Jahn-Teller interactionĤ JT , and the Zeeman interactionĤ Z . As the L x and L y components of the angular momentum L are zero in the basis spanned by the degenerate eigenstates |e x , ↑ , |e x , ↓ , |e y , ↑ and |e y , ↓ , the spin-orbit interaction can be simplified toĤ SO = −λ g L z S z , where λ g = 2π×45 GHz is the spin-orbit coupling [65] . In the presence of external magnetic fields, the Zeeman term isĤ Z = f γ L L z B z +γ S S · B, where γ L and γ S are the orbital and spin gyromagnetic ratios, respectively. The quenching factor f ≈ 0.1 is caused by the Jahn-Teller coupling [65] . Assuming B = B 0 e z , we have the following Hamiltonian with the matrix form
Here, Υ x and Υ y are the distortions along x and y, and I denotes the 2 × 2 identity matrix. When neglecting the effect of the reduced orbital Zeeman interaction, the third term in Eq. (2) can be ignored [73] . Diagonalizing the above equation and in the case of Υ x,y ≪ λ g , we obtain the two lower eigenstates |1 ≈ |e − , ↓ , |2 ≈ |e + , ↑ , and two upper eigenstates |3 ≈ |e + , ↓ , |4 ≈ |e − , ↑ , with the splitting given by ∆ = λ 2 g + 4(Υ 2 x + Υ 2 y ) ≈ 2π × 46 GHz [73] . Here, |e ± = (|e x ± i|e y )/ √ 2 are the eigenstates of the angular momentum L z . We consider adding two time-dependent driving fields to induce the transition between |1 and |4 , with the amplitude Ω 1 and frequency ω 1 , and the transition between |2 and |3 , with the amplitude Ω 2 and frequency ω 2 . Thus, the Hamiltonian of a single SiV center driven by external fields can be described bŷ
where ω B = γ s B 0 is the Zeeman energy. The energy level scheme and related transitions associated withĤ SiV are summarized in Fig. 1(b) . We now consider the Hamiltonian for the phonon modes in the diamond waveguide. For 1D diamond phononic waveguide, the length, width and thickness are labelled as L, w and t, which satisfy the condition L ≫ wt. For a linear isotropic medium, we can model the phonon modes as elastic waves with a displacement field u( r, t) [73] . Imposing the periodic boundary conditions and then quantizing the displacement field, we can obtain the quantized Hamiltonian [83] of the phonon modesĤ ph = n,k ω n,k a † n,k a n,k .
Here, ω n,k is the frequency of phonon modes, with k the wave vector along the waveguide and n the branch index, and a n,k is the bosonic annihilation operator for the phonon mode. In addition, the quantized displacement field reads
2ρV ω n,k u ⊥ n,k (y, z)(a n,k e ikx + H.c.), (5) where ρ is the density, V = Lwt is the volume of the waveguide, and u ⊥ n,k (y, z) is the transverse profile of the displacement field [73] . In Fig. 2 , we summarize the simulated acoustic dispersion relation and the displacement distribution for the waveguide with w = t = 100 nm. We proceed to discuss the strain coupling between the SiV centers and the phononic waveguide modes. The change in Coulomb energy of electronic states due to a collective displacement of the defect atoms will induce strain coupling between these phonons and the orbital degrees of freedom of SiV centers [71] . When considering the small displacement of the defect atoms, the coupling between the phonon modes and the orbital degrees of freedom is linear in the Born-Oppenheimer approximation [70, 71, 73] . In this case, the strain coupling within the framework of linear elasticity theory can be given bŷ
4| is the orbital raising operator within the ground state. The parameters ǫ Egx , and ǫ Egy are
with ǫ ab the strain field tensor [71] . After taking Eq. (5) and Eq. (7) into Eq. (6), we obtain the resulting strain coupling for N SiV centerŝ
is the spin-conserving lowering operator and j labels the SiV center located at the position x j . In order to get the right expression for the dipole-dipole force in the next part, it is crucial to keep the counter-rotating terms in the Hamiltonian of strain coupling [3] . After some derivation, the resulting coupling strength can be given as
where d/2π ∼ 1 PHz is the strain sensitivity [72, 73] .
Here, the dimensionless function ξ n,k (y, z) is related to the specific strain distribution. Putting everything together, the total Hamiltonian of the whole system is given bŷ
III. STEADY STATE ENTANGLEMENT
We use the quantum theory of damping in which the waveguide modes are treated as a reservoir. In this case, the phonon modes can be eliminated by using the Born-Markov approximation, giving rise to an effective master equation for the density operatorρ, which describes the dissipative dynamics of the spin degrees of freedom. Starting from the model given in Eq.(10), we make a rotating transformation H → U HU † + iU †U firstly, where the unitary operation U = e i(ω1|4 4|+ω2|3 3|)t [3] . The resulting Hamiltonian in the case of a single SiV center at the position x j = 0 iŝ
where ∆ 1 = ∆+ω B −ω 1 and ∆ 2 = ∆−ω 2 . A crucial step to get the effective Hamiltonian is the adiabatic elimination of the excited states. Next, we apply the following canonical transformation H → e −S He S [3, 84] , where
Note that this transformation is valid in the limit of Ω 1,2 ≪ ∆ 1,2 . Keeping terms to the second order, and neglecting the terms which are proportional to the excited state populations, we obtain the effective Hamiltonian in the interaction picture with respect to H 0 = n,k ω n,k a † n,k a n,k + ω B |2 2|
with u(x 0 , t) = n,k g n,k (a n,k e −iωat + H.c.). D − = (D + ) † = u|1 2| + υ|2 1| is a jump operator resulting from the cross radiative decay, with u = α −1 Ω 2 /2∆ 2 and υ = α −1 Ω 1 /2∆ 1 satisfying the relation u 2 − υ 2 = 1, and α 2 = (Ω 1 /2∆ 1 ) 2 −(Ω 2 /2∆ 2 ) 2 is a normalization constant. This implies that these parameters can be written as u = cosh(r) and υ = sinh(r). In this way, we can characterize the system by a single parameter, i.e., squeezing parameter r. In addition, ω a = ω 1 − ω 0 = ω 2 + ω 0 . This means the two decay channels denoted in red of Fig. 1(b) correspond to phonon emission with the same energy ω a . Hence, the generalized interaction Hamiltonian in the situation of N SiV centers iŝ
We define ρ S as the reduced density matrix for the SiV centers, and the dynamics of the SiV centers are governed by the Born-Markovian master equation [3, 33, 85, 86] 
where
This equation gives the dipole-dipole coupling strength between the SiV centers at position x j and x m . In this process, we assume the phonon field is in the vacuum. It means a † n,k a n,k = 0. In order to get the explicit expressions of J j,m , we need some mathematical calculations. The first step is replacing the summation of k by an integral, and then transforming the k integral into an energy integral by assuming the linear dispersion relationship ω n,k = vk [3] . We finally have
where Γ = α 2 γ(ω a ) is the collective decay rate, with γ(ω) = |g n,k | 2 D(ω)/π, and D(ω) = (L/2π)|∂ k ω n,k | the state density. Generally, the coupling between dipoles decays with the distance. One can find this conclusion easily from J j,m . In this scheme, we choose the distance x n = nλ (n ∈ Z) between two centers, and λ = 2π/k, with the purpose of canceling the dipole-dipole interaction by destructive interferences [3, [77] [78] [79] . Eventually, we get the Dicke superradiant model [82] described by
where D +/− = j D +/− j is the collective spin-squeezed operators. To quantify the degree of entanglement, we introduce the spin squeezing parameter ξ 2 where S β = Σ j σ β j /2, (β = x, y, z). We define the Pauli matrices σ z = |2 2| − |1 1|, σ + = |2 1|, and σ − = |1 2|. Spin squeezing is not only the measure of entanglement, but also has important applications in quantum metrology and quantum information processing [3, 8, 87, 88] . The spin squeezing parameter ξ 2 R ′ is proposed in Ref. [8] , and it can be viewed as a generalization of the spin squeezing parameter ξ 2 R proposed by Wineland et al. in the study of spectroscopy [88, 89] . When ξ 2 R ′ < 1, the states can be shown to be entangled. The definitions of spin squeezing are not uniform. Another spin squeezing definition is given by Kitagawa and Ueda [87, 90] 
These two spin squeezing definitions ξ 2 S and ξ 2 R ′ are not equivalent. In Fig. 3 we plot the time evolution of the spin squeezing parameters for N = 4 to compare these two definitions. We find that ξ 2 S < ξ 2 R ′ , which is consistent with the conclusion in Ref. [91] . It has been proved that the spin squeezing parameters ξ 2 S and ξ 2 R ′ are closely related to pairwise or many-body entanglement [8, 75, 91] . Note that such steady-state entanglement in Dicke superradiance has also been studied in a different context [90] , which discussed an important aspect of the entanglement witness ξ 2 S . In this work, we choose ξ 2 R ′ as the criterion to detect many body entanglement, and for simplification we drop the subscribe R ′ in the following. We plot in Fig. 4 the time evolution of the squeezing parameter 1/ξ 2 . Here, we choose the value of the parameter r = 0.2, and N = 2, 4, 6, 8. For two SiV centers, the time for the system to reach the steady state is about Γt = 10, and the value of the parameter 1/ξ 2 is about 1.4. This means that these two centers are entangled. When the number of SiV centers N = 4, 6, 8, it only takes Γt < 1 to realize the steady state entanglement, and 1/ξ 2 is about 1.5. The numerical result indicates that the degree of entanglement can be enhanced with the increasing of the number of SiV centers. Moreover, it takes less time for a large N to reach the steady state. Therefore, it will be more efficient to prepare the targeted states with a high fidelity with a large number of SiV centers.
We note that the Hamiltonian commutes with the total spin S 2 . This means, if the total spin of the system is given, the system will eventually reach a unique steady state regardless of the initial spin projection [32] . We assume that the initial state is |Ψ 0 = |S, m s = |N/2, N/2 , and the system evolves within the sector S = N/2. We next check the time evolution of the squeezing parameter 1/ξ 2 for different initial states in Fig. 5 . One can find that all the squeezing parameters evolve asymptotically to the same stable value. This result agrees with what we discuss above.
Finally, In Fig. 6 we plot the calculation of the spin squeezing in the steady state as a function of the squeezing parameter r. When N = 2, the maximum value of 1/ξ 2 rises to 2 when increasing the parameter r, and for N = 8, the maximum value of 1/ξ 2 can reach 5. From the figure, one can find an enhancement of the maximum value of the spin squeezing when increasing the number of the SiV centers.
For the realistic experimental condition in our scheme, we should take the dephasing rate Γ D into our consideration, and add this inevitable adverse factor into our numerical simulation. According to Eq. (18), we can ob- 
the single spin dephasing rate [92] [93] [94] . We plot the time evolution of the spin squeezing parameter for N = 2, 4, 6, 8 spins in Fig. 7 . Here, we still choose the value of the squeezing parameter as r = 0.2. We can obtain the maximal entanglement in the case of Γ D = 0, which has been discussed above. For Γ D = 0, the spin dephasing affects the steady state entanglement, and the degree of entanglement will be reduced. As expected, this adverse effect will be significant as we increase Γ D . In addition, the time interval for the system to reach the steady state entanglement is negatively related to Γ D . As illustrated in Fig. 7 , for a large N , as long as we take a much larger dephasing rate, the time interval for reaching the steady entanglement will be shorter during this dynamical evolution process. In Fig. 8 , we present the calculation of the spin squeezing in the steady state as a function of the squeezing parameter r for N = 2, 4, 6, 8.
The dephasing effect competes with the collective decay, which results in an optimal r to generate the maximal steady state entanglement. And this optimal spin parameter r is inversely related to the dephasing rate Γ D .
IV. THE FEASIBILITY OF THIS SCHEME
In this work, we propose a spin- waveguide. Based on state-of-the-art nanofabrication techniques, several experiments have demonstrated the generation of SiV center arrays through ion implantation techniques [95, 96] . For instance, three arrays of SiV centers are integrated into the diamond cantilever, and are placed at determined position to control the interaction of its spins with the thermal bath in Ref. [97] . In general, the proposed setup can be implemented experimentally where an array of SiV centers are embedded in a 1D diamond waveguide. For the phonon diamond waveguide, the length and cross section are L = 100 µm and A = 100 × 100 nm 2 . In addition, the material properties of diamond waveguide are ρ = 3500 kg/m 3 , E = 1050 GPa and ν = 0.2. In this case, the group velocity along the waveguide is v = 1.71 × 10 4 m/s, and the single SiV center can couple to the phonon mode with a strength g/2π = 16 MHz.
For the SiV center in diamond, the ground-state splitting is about ∆/2π = 46 GHz. And the transitions between |3 ↔ |2 and |4 ↔ |1 can be implemented by using a microwave field [73] or via an equivalent optical Raman process [73] , which has already been carried out experimentally. In our model, the precise location of the SiV centers is required with the purpose of cancelling the dipole-dipole interactions by destructive interference. The diamond waveguide permits us to place the SiV centers permanently at the position x n = nλ [3] , where λ ≈ 200 nm is the phonon wavelength. Under this consideration, a waveguide with L = 100 µm can contain 500 SiV centers, approximately.
At 100 mK temperature, the spin dephasing time of a single SiV center is about γ s /2π = 100 Hz. Thus the spin coherence time is T 2 ∼ 10 ms. Assuming Ω 1,2 /2π ∼ 10 MHz and ∆ 1,2 /2π ∼ 100 MHz, the effective decay rate is Γ/2π = 160 kHz. According to Fig. 4 , the time for the system to reach the steady state entanglement is about Γt 10, i.e., T ∼ 10 µs, which is much shorter than the spin coherence time T 2 . This shows that the condition for the steady state entanglement can be reached.
V. CONCLUSION
In conclusion, we have proposed a scheme to generate multiparticle entanglement of solid-state qubits by embedding an array of SiV centers in a one dimensional phononic diamond waveguide. We study the efficient coupling between the SiV centers and the phononic waveguide modes. The unique structure of the waveguide allows us to switched off the dipole-dipole interactions via destructive interferences by appropriately choosing the distance between nearby SiV centers. We can achieve the Dicke supperradiant model under appropriate external driving fields. We also discuss the degree of entanglement in the presence of realistic decoherence. This scheme may provide a realistic and feasible platform for quantum information processing with spins and phonons in a solid-state system. The detailed derivation for the Hamiltonian of SiV centers has been discussed in Refs. [65, 71, 73] . Here we follow their discussions and present the key results. We start from the Hamiltonian (Eq. (2) in main text), which is in the basis spanned by the degenerate eigenstates |e x , ↑ , |e x , ↓ , |e y , ↑ and |e y , ↓
After some simplifications and neglecting the effect of the reduced orbital Zeeman interaction, we obtain the total Hamiltonian of SiV centerŝ
Diagonalizing the above matrix, we have the eigenenergies
Here, Υ = Υ 2 x + Υ 2 y is the Jahn-Teller coupling strength. It has been shown that the spin-orbit interaction and the Jahn-Teller effect both lift the orbital degeneracy of ground states of SiV centers [65] . Besides, the spin-orbit coupling strength λ g ≫ Υ x,y . We thus neglect the Jahn-Teller effect on the orbital states. In this case, the corresponding normalized eigenstates are
After shifting the whole energy level of SiV centers, i.e., choosing E 1 = 0, we then have the Hamiltonian form Eq. (3) in the main text.
Appendix B: The quantization of the phonon waveguide modes
We follow the discussion in Ref. [73] to obtain the key results on the quantization of the phonon waveguide modes. We consider a 1D diamond waveguide with a cross section A and a length L ≫ A. The phonon modes can be viewed as elastic waves in the elastic theory, characterized by the displacement field u( r, t) [73] . For a linear isotropic medium, the displacement field is described by the equation of motion
where ρ = 3500 kg/m 3 is the mass density of diamond waveguide, λ and µ are the Lamé constants
For diamond, we use the Young's modulus E = 1050 GPa and Poisson ratio ν = 0.2. Under the periodic boundary conditions k = 2πm/L (m ∈ Z), the solution of Eq. (B1) is given by
Here, amplitudes A n,k (t) satisfy the oscillating equa-tionÄ n,k (t) + ω 2 n,k A n,k (t) = 0 [73] . The value of the mode frequencies ω n,k and the transverse mode profile u ⊥ n,k (y, z) can be obtained from numerical solutions, and the u ⊥ n,k (y, z) are orthogonal and normalized to
The quantization of displacement field is similar to the electromagnetic field in quantum optics. Taking the equivalence A n,k → ρV ω n,k a † n,k , A * n,−k → ρV ω n,k a n,−k ,
we can obtain the quantized displacement field [73] u( r) = n,k 2ρV ω n,k u ⊥ n,k (y, z)(a n,k e ikx + a † n,k e −ikx ), (B6) and the quantized phonon modeŝ H ph = n,k ω n,k a † n,k a n,k .
(B7)
Appendix C: Strain coupling
We follow the discussion in Ref. [73] to obtain the key results on strain coupling between SiV centers and phononic waveguide modes. For small displacements and in the Born-Oppenheimer approximation, the strain coupling within the framework of linear elasticity theory can be given byĤ
Here, i,j label the coordinate axes. V ij is an operator acting on the electronic states of the SiV defect and ǫ ij is the strain field tensor [55] . The local strain tensor is defined as
with u x (u y , u z ) representing the quantized displacement field along x (y, z) at position of the SiV center. We assume the axes as shown in Fig. 1(a) . By projecting the strain tensor onto the irreducible representation of D 3d , the Hamiltonian can be rewritten in terms of the electronic states of the SiV defect
where r runs over the irreducible representations. It can be shown that the only contributing representations are the one-dimensional representation A 1g and the twodimensional representation E g . Due to the inversion symmetry, the ground states of the SiV center transform as E g , and the excited states transform as E u . Therefore, one can find that strain can couple independently to orbital within the ground and excited manifolds. Limiting only to the ground state, the terms in Eq. (C3) are given by ǫ A1g = t ⊥ (ǫ xx + ǫ yy ) + t ǫ zz , ǫ Egx = d(ǫ xx − ǫ yy ) + f ǫ zx , ǫ Egy = −2dǫ xy + f ǫ yz , (
where t ⊥ , t , d, f are four strain-susceptibility parameters. Furthermore, the effects of these strain components on the electronic states are given by V A1g = |e x e x | + |e y e y |, V Egx = |e x e x | − |e y e y |, V Egy = |e x e y | + |e y e x |.
As the energy shift of all ground states induced by symmetry local distortions is equal, it can be neglected. Finally, we write the strain Hamiltonian using the basis spanned by the eigenstates of the spin-orbit coupling |e + , and |e − Ĥ strain = ǫ Egx (L − +L + ) − iǫ Egy (L − −L + ), (C6) whereL + =L † − = |3 1| + |2 4|. By decomposing the local displacement field in terms of the vibrational eigenmodes, the resulting strain coupling can be written aŝ where g 0 = k 2 d 2 /2ρV ω n,k .
